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The importance of the iImmune system

A new cancer treatment:
iImmunotherapy

First results seemed promising

*Unfortunately, only a small proportions of
patients respond to immunotherapy

A - Breakthrough of the Year

Cancer
Immunotherapy ¢

" T cells on the attack

-Goal: find the patients that will respond and
understand the reasons

‘Information about the tumoral environment can
be key [Glaire et al. 19, Reichling et al. '20]

[Couzin-Frankel '13]



The cellular composition of a tumor

h Immune cells

Blood vessels




A linear inverse problem

Quantity/Proportions of cells
X6ae /
X 5 + €

n ~ 10000
Ny
|

Be{xeRP:z; >0} Positivity constraints

p
Be{rxeRl:x; >0, Za:j =1}  Simplex constraints
j=1

Extraction of
tumor DNA/RNA

Mixed signal Pure signals



State-of-the-art

1) Compute SVR estimator

2) Set negative coefficients to zero

Authors Date Estimator Constraints
Abbas et al. 2009 | Ordinary Least Squares None
Qiao et al. 2012 | Ordinary Least Squares | Positivity
Gong et al. 2011 | Ordinary Least Squares Simplex
Newman et al. | 2015 -9OVR None
Gold Standard CIBERS&RT)

[source: cibersort.stanford.edu/]

3) Divide by the sum of the remaining coefficients




v =-Support Vector Regression ischoiopetal. 99

A 1 1 —
Depends on 2 hyperparameters: Bsyr € arg min SBIP+Clre+ =) (&+E)))
6760752'7‘5;75 2 n 1—1
C' >0
v e [0, 1] S.T. Yyi — Xi:0 = Po < €+ &
XiB+Po—vyi <e+&
gzagf;k Z 078 2 0 .
-  Regression line @ Support Vectors
v =0.25
Y A Y
® o +€




Possible improvements?

A | 1 ] — )
1) [Bssvr € argmin §H5H2 + C(ve A Z(fi +&;))
B,B0,Ei,EF € L
s.t. Yi — X0 — Po < e+ &

XiB+Bo—yi<e+¢&

52755 Z 0782 0

How to solve this

p
Simplex constraints | [5; > 0, g : 5, oroblem?
J:

2) The hyperparameters are set as follows:

O =1 v € {0.25,0.5,0.75) # Is there a better way to find the best pair

of hyperparameters than grid-search?

Fit the three models and keep the one
that minimizes the prediction error



Composite minimization problem

p

B €argmin | f(8) ) g;(8))

BERP

f:RP - R g; : R — RU{+o0}

* Convex
* Proper dom( f) # (!

e Closed

e Convex
e Differentiable
* Lipschitz Gradient (Smooth)

Examples: .

* | asso: f(ﬁ) — §H?J — XﬁHQ gj(ﬁj) — M@ﬂ

» Dual SVM: F(B) = %6TQ5 —e' [ 95 (B5) = tj0.01(B;)



Coordinate descent

BERP

B € argmin f(8) + » g,(8;)
j=1

Algorithm 1 Proximal coordinate descent
init : =0, L&R?
for iter =1,..., do

for 7 =1,....p 7(10/ Local Lipschitz constant
2j < B Llj\ Jf(ﬁ) ) // gradient step

0; < PIOX)g. /L, (25) ; // proximal step
return [

Fixed point equation: EJQ‘) = ProX. .. (3](-)\) — ﬂijjf(ém)) [Combettes-Wajs *05]

Convergence results: [Tseng and Yun '09] [Razaviyayn et al. ’13]



Structure in non-smooth optimization

Definition: Generalized support (e.g. Nutini et al. "19)

For a vector x € RP, its generalized support S, C {1,...,p} is the set of
indices j € {1,...,p} such that g, is differentiable at z;:

Sy ={je{l,...,p}:0g;(x,;) is a singleton}.

Example: £1-norm Example: ¢jo,c

10

0, if z; € [0,C]

b Sz =1{Jj € lp|: %

+00 otherwise
\

€10, C|}



Structure identification for coordinate descent

*Proximal gradient descent identifies the generalized support after a finite
number of iterations [Liang et al. ’15]
*|s it the case for coordinate descent? [Nutini *18]

Theorem: [Q.K. et al. ’20]

Let 3 € arg mingeps f(8) + xg_l g;(8;) and S = S5. Suppose
e Local regularity: For all j € S, g, is locally C* around Bj and f is locally
C? around B

N e

e« Non-degeneracy: —V f(3) € ri(0g(pB))

e Convergence: Coordinate algorithm converges to B

Then, the coordinate descent algorithm identifies the support after a finite num-
ber of iterations.
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Local linear convergence

Theorem: [Q.K. et al. ’20]
Let 3 € arg mingeps f(3) + Z§:1 g9;(B;) and S = S3. Suppose

e Local regularity: For all j € S, g, is locally C* around éj and f is locally
C? around B

A A

e« Non-degeneracy: —V f(3) € ri(dg(p3))
e Convergence: Coordinate algorithm converges to B
 Restricted injectivity: V%,Sf(ﬁ) >~ 0

e« Identification: The support S has been identified at iteration K > 0

Then (8");>k converges linearly towards 3.

12



lllustration of identification and linear convergence
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SVM:

arg min

aERM

subject to

Lasso:

1
argmin — || X3 — y||* + \||B|1
BERP

Amax

2n

o H)(Téﬁhm

n




Linear constraints on Support Vector Regression

n

1 1
SIBIP+Clve+ = > (& +¢&)

1=1

min
6750 7573 75? yE

subject to X804 Bo—vy; <e—+E; - Non-negative regression:
yi — X8 — Bo < e+ E A=-Id, =0, I'=0, d=0
;& > 0,e >0 - Simplex regression:
AB <b A=-Id, b=0, I'=e', d=1
I'6 =d

* Isotonic regression:

A

Assumption: Non-empty feasible set

h=0, I'=0, d=0

14



Dual optimization problem

1 B T
min 2| (a—a*) ' Qla—a*)+~ " AA v+ ' TT "+ 2 Z(Ozi — o)y AX;,
oY, 1
i=1
—2 Z TFX — ZVTAFT + yT(a — o) + vh— ,qu
. . C
subject to 0 < a;,a; < —
n Non-separable constraints
ol (a0 + a*) = Cv ( Not possible to use vanilla Coordinate descent
e'(a—a*)=0

Vi 2V

Classical SVR can be solved with Sequential Minimal Optimization algorithm [Platt '98]
It updates two coordinates at a time to keep the non-separable constraints verified at all time

15



Proposed algorithm and convergence result

Generalized SMO :

» Perform SMO algorithm when updating the variables o or o

* Perform projected coordinate descent when updating the variables 7
- Perform smooth coordinate descent when updating the variables

* The block in which the update will happen is chosen based on the violation of the KKT
conditions

Theorem: [Q.K. and Vaiter ’21]

The sequence of iterates obtained by the generalized SMO converges towards a solution of the dual
problem of the Linearly constrained SVR.

16



Hyperparameters in machine learning

e 4
Support Vector Machine [Vapnik ’92] E-Support Vector Regression [Drucker et al. '96]
C' >0 C'>0,e>0
° /@%7@\ Regularized mode_ls:
~ ’Q§§§g?©>>() | Lasso [Tibshirani 96
Qé\@é%@ o — Ridge regression [Hoerl-Kennard *70]
@ §Q Elastic net [Zou-Hastie '05]

Total variation [Rudin-Osher-Fatemi '92] ...

Neural Networks

# layers, learning rate Typically A >0

e

17



Selection criteria

Hyperparameter:
A e R

Criterion:
L: RN 5 R

Eind: . -Examples:
ﬁ S ar}igéﬁin (A) cross-validation [Stone-Ramer *65]

AlC [Akaike '74],
BIC [Schwarz '78],
SURE [Stein ’81]

18



Hyperparameter optimization (HO)

outer optimization problem

arg min { £(\) := |y = X" 5|21

AER
A . 1 . .
0.5 € argmin 5 [y — XS 4+ X[,
BERP T
10° . .
inner optimization problem

N

< 6x10°L

Bilevel optimization problem

19



Grid-search as 0-order optimization method

outer optimization problem

arg min { £(A) 1= [|y™! = X302}

AER
- 2 - 1 rain rain
Algorithm: s.t. 31 € argmin _— [y — XS24+ A8,
1.Choose a grid of values for \ per?
? FEvaluate L:()\) fOr each )\ inner optimization problem
3.Keep the best \* 100
) //
] _ ] <g_6 X 10‘1:
Dimension is a problem = /
00000 T ax10 /
ONORONONO T 3x107!-
OO00O0O0O0 >, \ //
Q0000 o 10-1] N
OOOOO T T T T T T W ETOTT
10~3 10~ 101 109
2 parameters 3 parameters AlAmax

20



Grid-search as 0-order optimization method

outer optimization problem

arg min { £(A) 1= [|y™! = X302}

AER
Algorithm: s.6. B0 € argmin —— ||y — Xtaing|2 1 ||l
1.Choose a grid of values for \ perr 2N
? FEvaluate L:()\) for each )\ inner optimization problem
3.Keep the best \* 100+ 7
Idea: 2_6 y 10—1: /

IfL is differentiable, use 1st order method 5 : /
Algorithm: 4% 107 /
1.Choose a starting point \(?) 27N /
2.Compute VL(AM) oot ="
3.Update \(!+1) = \() — )L (A1) R e R
4.Repeat 2/3 until convergence AlAmax

20



1st-order optimization method

O order (grid search) 1st order

0.92

0.78

0.65

0.55

0.47

0.39

0.33

0.28

0.24

0.20

10~ 10°3 1072 1071

Elastic net: argming 5 ||y — X" B[ + A\ || 8]l + 22|81
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How to compute VL()\)?

arg min {ﬁ()\) — 0(5(/\))}

AER'

s.t. S € argmin d(5, \)

BERP
The chain rule gives:
VAL(A) = Tiny VsC(BWY)
—~—~

=(VABNM ., VA BV)

—main challenge

Related work: If inner problem is regular enough
> Implicit differentiation [Larsen et al. ’96]-[Bengio ’00]

V@M, A) =0

Differentiating with respect to

VEAR(BM,A) + T3 VER(BN, A) =0

A A n —1
Ty = =i (BN, 1) (V3B N)
N —
cRPXP

» [terative differentiation:
-Forward [Wengert ‘64]
-Backward [Linnainmaa '70]

22



Py - - - f(x, \), 01 f derivative w.r.t. the first variabl
and O>f w.r.t. the second variabl
Implicit differentiation 7
BN ¢ argmin (3, \) ) + Zg] Biy A)
BERP

Theorem: (Under a set of assumptions) [Bertrand, Q.K. et al. "21]

Let z = 6 — va(B), the Jacobian of the inner problem is obtained by
solving the linear system:

AJg+B=0

with A = Id| g — O1proxyg(Zz ) (Id (B))
B = (%proxvg(i)g — Vé’lpmxw(2)sv?g,§cf(3)jéc

jgc — (3’2proxvg (2) ge

23




Implicit differentiation

Remarks: A A A
-The proof relies on the differentiation of 3*) = prox_ (5</\) - va(ﬁm))

[Gribonval and Nikolova ’20]

Barellles et al. '20]

>~ The assumptions ensure that we can differentiate the fixed point equation

> To be usable, we need to ensure support identification, it is the case for proximal
gradient decent [Liang et al. *15] and proximal coordinate descent [Q.K. et al. ’20]

> The system to solve has size S| x |S| instead of P X p (for sparse model) p > K

> For the Lasso: [Dossal et al. 13]

A

Js = n(X:Eng)_lsign(Bg)

ﬂ Same sparsity as the solution

24
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Proposed algorithm

Algorithm  IMPLICIT FORWARD DIFF

input : X e R"? yc R" )\ € R, Njter € N, Njac €N
B =0;// potentially warm started
. // Compute solution of inner problem

Obtain solution 3 € arg mingep, f(8) + > 1 9i(B;,A) and its support S

A\

2=0-—7V[f(B)

- // Compute the Jacobian \

Jge = 02prox. (2) g | |

for k = 1 n: do Possible to use solver of choice
— ty ey Yac

for 5 € S do
J; = owprox, o () (T = 1 V2 o ()T )

jj + = 82PIOXW gj (73]' ) o 761 PIOX g (ij )V?’
I'etU.I'Il /Bnitefr7 jnjac

A

gcf(Xﬁ)jéc

25



"Hyper”-gradient computation time

Model: Lasso arg min L(\) :=|[y"™ — XV&IB(/\)HZ

AER
Criterion: hold-out loss o 1 | |
s.t BN € arg min —||ytrair — Xt gl X[
BERP 2N
—o— F. lterdiff. —o— |mp. F. lterdiff. —o— Imp. F. lterdiff. + SOTA

§ rcvl real-sim o 20news

& o 1074+ » F. lterdiff. : Forward

| i 10 differentiation
"8 10-7- 1077 - ,

E 1077 ¢ ! 1077 [Deledalle et al. *14]
= ! :

a0 —10 P S —10 —10 .
< W ; ; 10 : ; W 00 00 Imp. : Proposed algorithm
— with vanilla CD

S 107t 10~ - 10~1
E;

—= 1074+ 10-4- 1074 .
o SOTA: Acceleration from
c;@ 1077 1077 - 10775 Celer

~ _ :
20 10710 L . . . 10-10 1 . . 1010 . . [Massias et al. "20]
< 0 10 20 30 0 5) 10 0 200 400

Time (s) Time (s) Time (s)
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"Hyper”-gradient computation time

log(Amax) — 1og(10%)  log(Amax) — log(10)

10—4_

1077 -

10—10

Model: Lasso

Criterion: hold-out loss

—o— F. lterdiff.

—o— |mp. F. lterdiff.

rcvl
\
i\
| A | |
0 2 4
0 10 20 30
Time (s)

10—4_

10—7-

10—10

10—1_

10—4_

10—7-

10—10 :

name # samples n  # features p
rcvl 20, 242 19, 960
real-sim 72,309 20, 958
20news 19, 996 632, 983

—o— |mp. F. lterdiff. + SOTA

real-sim

—-0—0—0—0-

Time (s)

10
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101
104
107

1071

101

10—4_

10—7-

10719

20news

0 200 400

0 200 400
Time (s)

F. Iterdiff. : Forward
differentiation

[Deledalle et al. "14]

Imp. : Proposed algorithm
with vanilla CD

SOTA: Acceleration from
Celer

[Massias et al. "20]



Hyperparameter selection: Elastic net

—9%— 1st order —K—

—10

—10 -5
>\1 - Amax

Rl

—I—

0.6

.5 0.5 1
)

43

f% v 0.4 1
> O

‘}’ k
3 0.3
@)

+# features p
19, 960
20, 958
632, 983

name +# samples n
rcvl 20, 242

real-sim 72,309
20news 19, 996

Model: Elastic net
Criterion: Cross validation 5-folds

T fold
argmin = L(\) = —— ly¥2l — xval g09)12
>\:(>\1,>\2)€R2 fold Z:Zl 2
(A, 1 rain; rain; 1
s.t.3" € arg min %Hyt C XUEBIS A A |8+ 5)‘2“5“2

BERP



Hyperparameter selection: Elastic net

—8%— 1st order —><— 1st order approx —+— Grid-search —=— Bayesian

name # samples n  # features p

| news20 (p = 632, 982) rcul 20, 242 19,960
ok real-sim 72,309 20,958
0.5- 20news 19, 996 0632, 983

-
0
*c‘u’
Eg gOA-
20
g 0.3 1 ————’
- X\\Qt i

0.2 ;gF Model: Elastic net

0 =00 1000 1500 2000 Criterion: Cross validation 5-folds

Time (s)
Nfold

argmin L(3) = - Yyl - Xl GO0 3
1=1

)\:()\1,)\2)61@2 Mfold

(.1 . 1 rain; rain; 1
s.t.6MY € argmin %Hyt C— XU B1Z 4 A B]]1 + 5)\2”5”2

BERP
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A new method for the estimation of cells

0.054
0.045
0.037
(LlfJ) 0.031
0.026
= 0.021
0.017
0.013
0.009

Grid-search

*Use Simplex € - SVR without bias (it is
separable) solved via coordinate descent

» Select optimal hyperparameters using

implicit differentiation and Mean Squared
Error as criterion

1st order method




Comparison on sc-RNAseq/RNAseq

® CD8 T-cells ® CD4 T-cells ® B-cells
® Monocytes ® NKecells
Simplex SVR Cibersort
0.7- | - o
@)
0.6 Rr=o0.
g MAEO:720.O6 ®
g — OO
5 00 o o
s
204- >
3
£ 0.3
E ®
B 0.2-
0.1-
0.0 | | | | |
0.0 0.2 0.4 0.6 . . 0.4 0.6
Ground Truth Ground Truth

Peripheral blood mononuclear cell samples (GSE127813)
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Immune cells In breast cancer

Lmehoids

Plasm Tcells
Bl Bcells mm NKcells asma —————
cells m= Tgd == CD4 ____¢°b8
: Naive == EM == EMRA W= CM
Myeloids
Granulocytes Monocytes mmm Dendritic mm Plasmacytoids Macrophages
- M1 mm M2
@ o
-
g 2 coa JT I IR
5 S
©
N o N % N N % N % N
Absolute quantities Absolute quantities

Average proportions of cells in different subgroups of patients
suffering from breast cancer (2800 tumors analyzed)
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Immune cells In breast cancer

Construction of a Cox model to predict the risk of
relapse including:

* Clinical variables

 Molecular classification of the tumor
* Immune cells proportions estimated

Training cohort

100-
©
2 -
X 75
P O
o 2
o =
3
(4]
3 -8 High
Q. _ Ig p<0.0001
© ’5_ 25 . :IHR:O.SQ p<0.0001
I Medium -
m p<0.0001 HR=0.30
Low HR=0.50
0 | | | 1 1
0 2 4 6 8 10

Time (years)

-
(=
o

Relapse Free survival
probabilities (%)
N 3. ~
()] o (fl

o

Validation cohort

1.00
2
T'Eu 0.754 -
o ® Medium
S 0.50- Med
Q : .
G AT aveality
S viedaes ﬂ-".. t' i
% 0-25_ .::"' .::f;. '{.:{;;év .f..:::
Y

0.00+— : |

Basal Her2 LumA LumB

The estimation of immune cells
brings valuable information in
the prediction of the risk of

: p=0.001
High HR=0.52 000"
- i | p<0.
Medium = 0=0.02 HR=0.27
Low HR=0.52
1 1 1 1
0 2 4 6

Time (years)
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Perspectives and future work

 Extend identification and local linear convergence rates for block separable functions
»Validation of this new estimation method on data obtained at the cancer institute in Dijon
» Consider other types of cancer (colon cancer) where immune cells could be a valuable information

* Perform an extensive benchmark against the large number of estimation methods proposed in the last
years
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