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The importance of the immune system

[Couzin-Frankel ’13]

•First results seemed promising


•Unfortunately, only a small proportions of 
patients respond to immunotherapy


•Goal: find the patients that will respond and 
understand the reasons 

•Information about the tumoral environment can 
be key [Glaire et al. ’19, Reichling et al. ’20]
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A new cancer treatment: 
immunotherapy



The cellular composition of a tumor

Immune cells
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A linear inverse problem

Mixed signal Pure signals

Extraction of  
tumor DNA/RNA
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State-of-the-art
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�mi?Q`b .�i2 1biBK�iQ` *QMbi`�BMib
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Gold Standard

1) Compute SVR estimator
2) Set negative coefficients to zero
3) Divide by the sum of the remaining coefficients

[source: cibersort.stanford.edu/] 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-Support Vector Regression
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[Schölkopf et al. ’99] 

Regression line Support Vectors

Depends on 2 hyperparameters:
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Possible improvements?
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2) The hyperparameters are set as follows:
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⌫ 2 {0.25, 0.5, 0.75}

Fit the three models and keep the one 
 that minimizes the prediction error

Is there a better way to find the best pair 
 of hyperparameters than grid-search?

7

Simplex constraints
How to solve this 

optimization 
problem?



Composite minimization problem
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Examples:

• Lasso:


•Dual SVM: 
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gj : R ! R [ {+1}
•Convex

•Differentiable

• Lipschitz Gradient (Smooth)

•Convex

•Proper

•Closed
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Coordinate descent
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[Combettes-Wajs ’05]
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Local Lipschitz constant

Convergence results: [Tseng and Yun ’09]  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Structure in non-smooth optimization
Definition: Generalized support
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(e.g. Nutini et al. ’19) 

Example:
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Structure identification for coordinate descent
•Proximal gradient descent identifies the generalized support after a finite 
number of iterations

•Is it the case for coordinate descent?

Theorem:
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[Liang et al. ’15]  
[Nutini ’18]  

[Q.K. et al. ’20] 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Local linear convergence 

Theorem:
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[Q.K. et al. ’20] 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Illustration of identification and linear convergence

<latexit sha1_base64="e5UbMLXD2ZIWTSM82iaS1qXTuSA="></latexit>

argmin
�2Rp

1

2n
kX� � yk2 + �k�k1

Lasso:

practical rate theoretical rate model identification

0 50
iteration k

100

10°5

10°10

||x
(k

)
°

x
? || leukemia

0 200
iteration k

gisette

0 10
iteration k

rcv1

0 100
iteration k

20news

0 50 100

100

10°5

10°10

∏
m

ax
/2

||x
(k

)
°

x
? ||

leukemia

0 25 50

gisette

0 10 20

real-sim

0 20

rcv1

0 200

100

10°5

10°10

∏
m

ax
/5

||x
(k

)
°

x
? ||

0 100 0 25 0 100

0 200

100

10°5

10°10

∏
m

ax
/1

0

||x
(k

)
°

x
? ||

0 200 400 0 50 0 200

0 250 500
iteration k

100

10°5

10°10

∏
m

ax
/1

5

||x
(k

)
°

x
? ||

0 1000
iteration k

0 100
iteration k

0 200
iteration k

SVM:
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Linear constraints on Support Vector Regression
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Assumption: Non-empty feasible set

•Non-negative regression:


•Simplex regression: 


• Isotonic regression:
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Dual optimization problem
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Non-separable constraints 
Not possible to use vanilla Coordinate descent

Classical SVR can be solved with Sequential Minimal Optimization algorithm

It updates two coordinates at a time to keep the non-separable constraints verified at all time 
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Proposed algorithm and convergence result
Generalized SMO :

Theorem:

The sequence of iterates obtained by the generalized SMO converges towards a solution of the dual 
problem of the Linearly constrained SVR.
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•Perform SMO algorithm when updating the variables      or 


•Perform projected coordinate descent when updating the variables


•Perform smooth coordinate descent when updating the variables 


•The block in which the update will happen is chosen based on the violation of the KKT 
conditions
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Hyperparameters in machine learning

Regularized models: 

Lasso [Tibshirani ’96] 

Ridge regression [Hoerl-Kennard ’70] 
 Elastic net [Zou-Hastie ’05] 

 Total variation [Rudin-Osher-Fatemi ’92] … 

Support Vector Machine [Vapnik ’92] -Support Vector Regression [Drucker et al. ’96]

Neural Networks

# layers, learning rate Typically 
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Selection criteria
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Hyperparameter: 

Criterion: 
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‣Examples: 
cross-validation [Stone-Ramer ’65] 
AIC [Akaike ’74], 
BIC [Schwarz ’78], 
SURE [Stein ’81]



Hyperparameter optimization (HO)
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19



Grid-search as 0-order optimization method
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Algorithm:

1.Choose a grid of values for 

2.Evaluate           for each

3.Keep the best
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Dimension is a problem

2 parameters 3 parameters



Grid-search as 0-order optimization method
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Idea: 

If    is differentiable, use 1st order method  

<latexit sha1_base64="ZXwRyK42qhz+njSPId2Q/f0h5ig="></latexit>

L
Algorithm:

1.Choose a starting point 

2.Compute 

3.Update 

4.Repeat 2/3 until convergence
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�(0)
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rL(�(t))
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�(t+1) = �(t) � ⇢rL(�(t))
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<latexit sha1_base64="yMGsd3U8yoG7e1V8Ba9VKcgqqZw="></latexit>

rL(�)

<latexit sha1_base64="Bv4ZA5oePS4l8JNZvpWUph6beEA="></latexit>

r�L(�) = Ĵ>
(�)|{z}

:=(r��̂
(�)
1 ,...,r��̂

(�)
p )

!K�BM +?�HH2M;2

r�C(�̂(�))

The chain rule gives:

<latexit sha1_base64="H7H68NuvQ/5c2XkBsSp/mT5kc/0="></latexit>

argmin
�2R

n
L(�) := C(�̂(�))

o

bXiX �̂(�) 2 argmin
�2Rp

�(�,�)

Related work: If inner problem is regular enough

‣Implicit differentiation [Larsen et al. ’96]-[Bengio ’00]

<latexit sha1_base64="Ohb9Ww6+MUUCcG0wj6vt94kZsPs="></latexit>

r��(�̂
(�),�) = 0
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r2
�,��(�̂

(�),�) + Ĵ>
(�)r2

��(�̂
(�),�) = 0 URV
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Ĵ>
(�) = �r2

�,��
⇣
�̂(�),�

⌘⇣
r2

��(�̂
(�),�)

⌘

| {z }
2Rp⇥p

�1

Differentiating with respect to 
<latexit sha1_base64="Oyi5UM9YPKzOcHBYm6DAj2epsWQ="></latexit>

�

‣ Iterative differentiation: 

-Forward [Wengert ‘64] 

-Backward [Linnainmaa ’70]

r
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Theorem: (Under a set of assumptions)
<latexit sha1_base64="liNl2abFHK4RuRoNihx3iCO9pso="></latexit>

G2i ẑ = �̂ � �rf(�̂)                                , the Jacobian of the inner problem is obtained by 
solving the linear system:

with 
<latexit sha1_base64="Q+di3WJIlWseVXBYLTGRmF+z0MQ="></latexit>

B := @2T`Qt�g(ẑ)Ŝ � �@1T`Qt�g(ẑ)Ŝr
2
Ŝ,Ŝcf(�̂)ĴŜc

<latexit sha1_base64="u4ksQSLxCOFJwvqQDazg8fqQczw="></latexit>

ĴŜc = @2T`Qt�g (ẑ)Ŝc

<latexit sha1_base64="lppiQu/vx9DuQlcghTbfleUUA4w="></latexit>

A := Id|Ŝ| � @1T`Qt�g(ẑ)Ŝ
⇣

A/Ŝ � �r2
Ŝ,Ŝ

f(�̂)
⌘

<latexit sha1_base64="0qH81CbsdJ2XicyCEfGOaofuNvg="></latexit>

AĴŜ +B = 0

<latexit sha1_base64="VNc46wfyo4yhrQ8PBO9yx2GOnCU="></latexit>

�̂(�) 2 argmin
�2Rp

�(�,�) := f(�) +
pX

j=1

gj(�j ,�)

<latexit sha1_base64="CvdxG5LI2E+9Ya2i9LSRlIxGf5w="></latexit>

f(x,�)- @1f /2`Bp�iBp2 rX`XiX i?2 }`bi p�`B�#H2
<latexit sha1_base64="MU7XgX/Kr5orn9MDt3v+ekv5exk="></latexit>�M/ @2f rX`XiX i?2 b2+QM/ p�`B�#H2

[Bertrand, Q.K. et al. ’21]
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Remarks: 
‣The proof relies on the differentiation of 


‣ The assumptions ensure that we can differentiate the fixed point equation 

‣ To be usable, we need to ensure support identification, it is the case for proximal 
gradient decent [Liang et al. ’15] and proximal coordinate descent [Q.K. et al. ’20]


‣The system to solve has size                 instead of            (for sparse model) 


‣ For the Lasso: [Dossal et al. ’13]

<latexit sha1_base64="O6fyIeFDANx+Zb5OZSSl7+MxGVs="></latexit>

|Ŝ|⇥ |Ŝ| <latexit sha1_base64="z7PXqLKSFiYL36zr+12rbUAQ1ts="></latexit>p⇥ p
<latexit sha1_base64="VKxj3I11lUZwVTa5/gvWqOveciA="></latexit>

p � |Ŝ|

<latexit sha1_base64="yx5HTW9Ml+E9LAhnv8djMY+/e5A="></latexit>

ĴŜc = 0
Same sparsity as the solution 

<latexit sha1_base64="vFV6pNdww4DuRXTQ0tBNhdaClbA="></latexit>

JŜ = n(X>
:Ŝ
X:Ŝ)

�1bB;M(�̂Ŝ)

[Bareilles et al. ’20]
[Gribonval and Nikolova ’20]

<latexit sha1_base64="SG6OEkVXMPF0yNw3Piv8FihlJgk="></latexit>

�̂(�) = T`Qt�g

⇣
�̂(�) � �rf(�̂(�))

⌘
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<latexit sha1_base64="g84Ru3zRn87O7ewzus3wE4+4nkc="></latexit>

�H;Q`Bi?K R AKTHB+Bi 6Q`r�`/ /B77
BMTmi , X 2 Rn⇥p, y 2 Rn,� 2 R, nBi2` 2 N, nD�+ 2 N
� = 0 c ff TQi2MiB�HHv r�`K bi�`i2/
c ff *QKTmi2 bQHmiBQM Q7 BMM2` T`Q#H2K
P#i�BM bQHmiBQM �̂ 2 argmin�2Rp f(�) +

Pp
i=1 gj(�j ,�) �M/ Bib bmTTQ`i Ŝ

ẑ = �̂ � �rf(�̂)
c ff *QKTmi2 i?2 C�+Q#B�M
JŜc = @2T`Qt�g(ẑ)Ŝc

7Q` k = 1, . . . , nD�+ /Q
7Q` j 2 Ŝ /Q

Jj = @1T`Qt�jgj (ẑj)
⇣
Jj � �jr2

j,Ŝ
f(�̂)JŜ

⌘

Jj+ = @2T`Qt�jgj (ẑj)� �@1T`Qt�jgj (ẑj)r
2
j,Ŝcf(X�̂)JŜc

`2im`M �nBi2` ,J nD�+

Possible to use solver of choice
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A new method for the estimation of cells
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separable) solved via coordinate descent


•Select optimal hyperparameters using 
implicit differentiation and Mean Squared 
Error as criterion 
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Figure 3:

HG

Average proportions of cells in different subgroups of patients 
suffering from breast cancer (2800 tumors analyzed)
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Figure 4
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Figure 5
Whole population ER+/HER2- population 
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Figure 5
Whole population ER+/HER2- population 

ER-/HER2- HER2+

Training cohort Validation cohort

Construction of a Cox model to predict the risk of 
relapse including:


•Clinical variables

•Molecular classification of the tumor

• Immune cells proportions estimated

The estimation of immune cells 
brings valuable information in 

the prediction of the risk of 
relapse
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•Extend identification and local linear convergence rates for block separable functions


•Validation of this new estimation method on data obtained at the cancer institute in Dijon 

•Consider other types of cancer (colon cancer) where immune cells could be a valuable information


•Perform an extensive benchmark against the large number of estimation methods proposed in the last 
years


